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Abstract. In this paper, we study Absolute Parallelism (AP-) geometry on the tangent 
bundle TM of a manifold M. Accordingly, all geometric objects defined in this geometry 
are not only functions of the positional argument x, but also depend on the directional 
argument y. Moreover, many new geometric objects, which have no counterpart in the 
classical AP-geometry, emerge in this different framework. We refer to such a geometry 
as an Extended Absolute Parallelism (EAP-) geometry. 

The building blocks of the EAP-geometry are a nonlinear connection assumed given 
a priori and 2n linearly independent vector fields (of special form) defined globally on 
TM defining the parallelization. Four different d-connections are used to explore the 
properties of this geometry. Simple and compact formulae for the curvature tensors and 
the W-tensors of the four defined d-connections are obtained, expressed in terms of the 
torsion and the contortion tensors of the EAP-space. 

Further conditions are imposed on the canonical d-connection assuming that it is 
of Cartan type (resp. Berwald type). Important consequences of these assumptions are 
investigated. Finally, a special form of the canonical rf-connection is studied under which 
the classical AP-geometry is recovered naturally from the EAP-geometry. Physical as- 
pects of some of the geometric objects investigated are pointed out and possible physical 
implications of the EAP-space are discussed, including an outline of a generalized field 
theory on the tangent bundle TM of M. 
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0. Introduction 



The geometry of parallelizable manifolds or the Absolute Parallelism geometry (AP- 
geometry) ([1], [TT], [12], [S], [IZ]) has many advantages in comparison to Riemannian 
geometry. Unlike Riemannian geometry, which has ten degrees of freedom (correspond- 
ing to the metric components for n = 4), AP-geometry has sixteen degrees of freedom 
(corresponding to the number of components of the four vector fields defining the par- 
allelization). This makes AP-geometry a potential candidate for describing physical 
phenomena other than gravity. Moreover, as opposed to Riemannian geometry, which 
admits only one symmetric linear connection, AP-geometry admits at least four nat- 
ural (built-in) linear connections, two of which are non-symmetric and three of which 
have non- vanishing curvature tensors. Last, but not least, associated with an AP-space 
there is a Riemannian structure defined in a natural way. Thus, AP-geometry contains 
within its geometric structure all the mathematical machinery of Riemannian geometry. 
Accordingly, a comparison can be made between the results obtained in the context of 
AP-geometry and general relativity, which is based on Riemannian geometry. 

The geometry of the tangent bundle {TM, tt, M) of a smooth manifold M is very rich. 
It contains a lot of geometric objects of theoretical interest and of a great importance in 
the construction of various geometric models which have proved very useful in different 
physical theories. Examples of such theories are the general theory of relativity, particle 
physics, relativistic optics and others. 

In this paper, we study AP-geometry in a context different from the classical one. 
Instead of dealing with geometric objects defined on the manifold M, as in the case 
of classical AP-space, we are dealing with geometric objects defined on the tangent 
bundle TM of M. Accordingly, all geometric objects considered are, in general, not only 
functions of the positional argument x, but also depend on the directional argument y. 

The paper is organized in the following manner. In section 1, following the in- 
troduction, we give a brief account of the basic concepts and definitions that will be 
needed in the sequel. The definitions of a d-connection, (i-tensor field, torsion, curva- 
ture, /if-metric and metric d-connection on TM are recalled. We end this section by 
the construction of a (unique) metric d-connection on TM which we refer to as the 
natural metric (i-connection. In section 2, we introduce the Extended Absolute Paral- 
lelism (EAP-) geometry by assuming that TM is parallelizable [3] and equipped with 
a nonlinear connection. The canonical d-connection is then defined, expressed in terms 
of the natural metric (i-connection. In analogy to the classical AP-geometry, two other 
d-connections are introduced: the dual and the symmetric (i-connections. We end this 
part with a comparison between the classical AP-geometry and the EAP-geometry. In 
section 3, we carry out the task of computing the different curvature tensors of the four 
defined (i-connections. They are expressed, in a relatively compact form, in terms of 
the torsion and the contortion tensors of the EAP-space. All admissable contractions 
of these curvature tensors are also obtained. In section 4, we introduce and investigate 
the different VF-tensors corresponding to the different ^-connections defined in the EAP- 
space, which are again expressed in terms of the torsion and the contortion tensors. In 
sections 5 and 6, we assume that the canonical (i-connection is of Cartan and Berwald 
type respectively. Some interesting results are obtained, the most important of which is 
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that, in the Cartan type case, the given nonhnear connection is not independent of the 
vector fields forming the parallehzation, but can be expressed in terms of their vertical 
counterparts. In section 7, we further assume that the canonical (/-connection is both 
of Cartan and Berwald type. We show that, under this assumption, the classical AP- 
geometry is recovered, in a natural way, from the EAP-geometry. In section 8, we end 
this paper with some concluding remarks which reveal possible physical applications of 
the EAP-space; among them is an outline of a generalized field theory on the tangent 
bundle TM of M, based on Euler-Lagrange equations [8] applied to a suitable scalar 
Lagrangian. 

1. Fundamental Preliminaries 

In this section we give a brief account of the basic concepts and definitions that 
will be needed in the sequel. Most of the material covered here may be found in 
[H], [n] with some slight modifications. 

Let M be a paracompact manifold of dimension n of class C°°. Let vr : TM —>■ M 
be its tangent bundle. If {U, x^) is a local chart on M, then (7r^^([/), (x^, y"')) is the 
corresponding local chart on TM. The coordinate transformation on TM is given by: 

H = 1, ...,n; a = 1, ...,n; p"' = = and det(p"') ^ 0. The paracompactness of 
M ensures the existence of a nonlinear connection on TM with coefficients N^{x,y). 
The transformation formula for the coefficients is given by 

K''=p^Pa'K + p^p:'a'y''\ (1-1) 

where p'^,^, = . The nonlinear connection leads to the direct sum decomposition 

Tu{TM) = Hu{TM)®Vu{TM), VmgTM\{0}. (1.2) 

Here, Vu{TM) is the vertical space at u with local basis da ■= whereas Hu{TM) is 
the horizontal space at u associated with N supplementary to the vertical space Vu(TM). 
The canonical basis of Hu{TM) is given by 

:= d, - at; 4, (1.3) 

where 9^ := Now, let {dx", Sy"") be the basis of T*{TM) dual to the adapted basis 
(5,, da) oiTuiTM). Then 

by" ■.= dy'' + N^dx" (1.4) 

and 

rfx"(5^)=5^, dx^da) = 0; 52/"(5^)=0, Sy''{d,) = Sl (1.5) 

Any vector field X G X{TM) is uniquely decomposed in the form X = hX + vX, 
where h and v are respectively the horizontal and the vertical projectors associated with 
the decomposition (11. 2p . In the adapted frame {S^, da), hX = X^Sa and vX = X°'da. 
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Definition 1.1. A nonlinear connection is said to be homogeneous if it is positively 
homogeneous of degree 1 in the directional argument y. 

Definition 1.2. A d-connection on TM is a linear connection on TM which preserves 
by parallelism the horizontal and vertical distribution: if Y is a horizontal (vertical) 
vector field, then DxY is a horizontal (vertical) vector field, for all X G X(TM). 

Consequently, a d-connection D on TM has only four coefficients. The coefficients 
of a d-connection D = (F^^, F^^^, C^^, C^J are defined by 

DsJ,=:T^^Ja, DsA=:Tlda; D^J, =: C^^6^, D^d,=:C^A. (1-6) 
The transformation formulae of a d-connection are given by: 

fi'u' — Pa Pfi'Pi/''- fiiy ^ Pe Pfi'u'J '- fe'^t' — Pa Pb'Pfj.''- fe/x ^ Pc Pb' fi' ) 
'-'fi'c' — Pa P^i/Pc'^-'fic^ '^h'c' — Pa Pb'Pc'^bc' 

A comment on notation: Both Greek indices {a, (3, fi, ...} and Latin indices 
{a, b, c, ...}, as previously mentioned, take values from the same set {1, ...,n}. It should be 
noted, however, that Greek indices are used to denote horizontal counterpart, whereas 
Latin indices are used to denote vertical counterpart. Einstein convention is applied 
on both types of indices. 

Definition 1.3. A d-tensor field T on TM of type {p,r] q,s) is a tensor field on TM 
which can be locally expressed in the form 

T = T:i:,^^''+;du, ® ... ® <9„^+, ® dx"" ® ... ® dx"'+% 

where Ui G {aj, flj}, Vj G {j3j, bj}, 

du,e{5^^, 4j, dx^^ G {dx^^ 5y^^}, « = l,...,p + r; j = l,...,g + s, 

so that the number of ai 's = p, the number of ai 's = r, the number of j3j 's = q and the 
number of bj 's = s. 

Let T = T^^5c,®da®dx^®5y^ be a d-tensor field of type (1, 1; 1, 1). Let X G X{TM) 
be such that X = hX + vX = X^5^ + X^dc- Then, by the properties of a d-connection, 
we have 

D\T ■= DhxT = {X^T^%,\,)5^ ® 4 ® dx^ ® 6y\ 



where 
Similarily, 

where 



rpaa r rpaa < rpea-r^a < rpad-r^a rpaar-^e rpaa-r^d / -i ^\ 

J- I3b\fi ■— Ofj,1 -\- I i3hl ^fj, -\- 1 ^ dfi ~ -'-eb ^ PtM ~ I3d^ bfi- {'-■') 

D\T := D^xT = {X'^T^'^ p,\\,)5^ ® 4 ® dx^ ® 5y\ 

rpaa o rpaa , rpea^r-ta , rpad/^a rpaa^e rpaa/^id /-i q\ 

It is evident that (11. 7p and (11.81) can be written for any d-tensor field of arbitrary 
type. 
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Definition 1.4. The two operators D\ (denoted locally by \) and D^x (denoted locally 
by \\) are called respectively the horizontal (h-) and vertical (v-) covariant derivatives 
associated with the d- connection D. 

Definition 1.5. The torsion T of a d-connection D on TM is defined by 

T{X,Y) := DxY - DyX -[X,Y]; yX,Y eX{TM). (1.9) 
For getting the local expression for T, we first recall that 

[6^, 6,] = R;Ja, 4] = (4iv;)4, 

where 

R;.:=5,N;-S,K (1-10) 
is the curvature of the nonlinear connection. 

By a direct substitution in formula ( II. 9p . we obtain 

Proposition 1.6. In the adapted basis {6a, da), the torsion tensor T of a d-connection 
D = {T'^y, r^^, C^^, C^J is charaterized by the following d-tensor fields with the local 
coefficients (A°„ C° , P;„ T,"J defined by: 

hT{6,, 6,) =: A-,5„, vT{6,, 6^) =: RI^X 

/iT(4, S,) =: C^X, 6,) =: vT{d,, 4) =: ^TA, 

where 

\a -pa -pa rya f\ Aja -pa rpa /^a r-ia (-i -i i \ 

J- /iz/ ~ J- ^fic ■— ^c^^fj. ~ ^ cfi^ ^bc ■— ^bc~ ^cb- U-'L-LJ 

Throughout the paper we shall use the notation T = (A°^^, i?^^^, C^^, F°^, T^'J,). 

Corollary 1.7. The torsion tensor T = (A^^, i?^^, C^^, P^^, T^") of a d-connection D 
vanishes if 

-pa -pa pa /^a r\ o i\ja pa /^a /^a 

Definition 1.8. The curvature tensor H of a d-connection D is given by 

R(X, Y)Z := DxDyZ - DyDxZ - D[x, y]Z; VAT, Y, Z e X{TM). 

By definition of a d-connection, it follows that R(X, y)Z is determined by eight ex- 
tensor fields, six of which are independent due to the fact that R(X, 1") = — R(y, X). 
We set 

R(<^/i, 6u)5p ='■ R'p^u^a'-, R-l^/t, 5u)db =■ Rl^yda, 

R(4, 6,)5p =: P^^ba] R(<9c, 6,)db =: P,lA, 
R(4, 4)^/3 =: S'^.X; R(4, 4)4 =: ^^4- 
Throughout the paper we shall use the notation R = {R'p^^-, Rl^y, P^uc-: ^bvc-i ^pbc-' ^bcd)- 
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Theorem 1.9. The curvature H of a d-connection D = {T'^i,, T^^, C^^, C^J is chara- 
terized by the d-tensor fields with local coefficients: 



(a) R^l,. 




_ A F" -1- F*^ F"' 


pe pa I rfa T3d 

^ PfJ.'- €U "T '^Pd-'^Ufl 


(b) Rt^y 




_ A F<^ -1- F'^ - 


pc pa I r^a pd 
bfj.^ cv "T '^bd-^ufi^ 






^Pc\u ^Pd^yc^ 




(d) n:. 


— hV^ - 


r^a I /^a pci 
"-^fccly "1" ^bd^vc^ 




(^) ^Pbc 


= (^bC^c - 


- dcCph + CpJJ% - 


' '^^b^ec^ 


(f) SI, - 


= <^cCbd ~ 


- ddC^c + CIJJ'^^ — 


^hc^ed- 



Corollary 1.10. The curvature tensor^ = {R'^^,, Rt^,, P^,,, P^lc, S-^bc of a d- 
connection D vanishes iff 

TDa pa pa pa oa na ri 

^I3fiv — ^biMU — ^I3vc — ^buc ~ I3bc ~ '-'bed ~ ^■ 

Definition 1.11. An hv-metric on TM is a covariant d-tensor field G := hG + vG on 
TM, where hG := dx"' dx^ , vG := gab Sy"" ® Sy^ such that: 

gap = gpa, det{gap) ^ 0; gab = gba, det{gab) ^ 0. (1.12) 

The inverses of {gap) and {gab)i denoted by {g"^^) and ((7°*) repectively, are given by 

go..g'^ = 5% gaeg'' = Sl (1.13) 

Definition 1.12. A d-connection D on TM is said to be metric or compatible with the 
metric G if DxG = 0, VX G X(TM). 

In the adapted frame {6a, da), the above condition can be expressed locally in the 
form: 

9al3\fj. = 9al3\\c = 9ab\fi = 9ab\\c = 0. (1-14) 

We have the following Theorem [S]: 

o o o o o 

Theorem 1.13. There exists a unique metrical d-connection D = (F^^^, F^^^, C°^, C^^) 
on TM with the properties that 

o o o o o o 

(^\ \a _ -pa _ -pa _ rpa _ f^a _ f^a _ 

\'^) ^^fiu — iiu v^t — -I- be — ^be ^eb — ^- 

(b) Tl := dhN- + \ g-^Kg^e - gde d^N^ - 9bd d,N^), C^, ■= | g'^'d.g,,. 

o o 

In this case, the coefficients F^^ and C^^ are necessarily of the form 

1 ° 1 , • • • 

^% '■= 2 d'^'i^i^deu + ^^get, - Seg^u), ■= ^ i^bgde + Q^gdb - ddgbe)- 
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Definition 1.14. The d-connection D = ( T^^^, Fj^^, C°^, C^^) defined in Theorem 
\1.1'^ will he referred to as the natural metric d-connection. The h- and v-covariant 

o 

derivatives with respect to the natural metric d-connection D will be denoted by ° and ^ 
respectively. 

2. Extended Absolute Parallelism Geometry (EAP-geometry) 

In this section, we study AP-geometry in a context different from tlie classical one. 
Instead of dealing with geometric objects defined on the manifold M, we will be dealing 
with geometric objects defined on the tangent bundle TM of M. Many new geometric 
objects, which have no counterpart in the classical AP-geometry, emerge in this different 
framework. Moreover, the basic geometric objects of the new geometry acquire a richer 
structure compared to the corresponding basic geometric objects of the classical AP- 
geometry (See Table 2). 

As in the previous section, M is assumed to be a smooth paracompact manifold of 
dimension n. This insures the existence of a nonlinear connection on TM so that the 
decomposition (11. 2p induced by the nonlinear connection holds. 

We assume that A, i = l,...,n, are n vector fields defined globally on TM. In the 

i 

adapted basis {6a, da), we have A = hX -\- vX = A"5q + ^"9^. We further assume 

i i i i i 

that the n horizontal vector fields hX and the n vertical vector fields vX are linearly 
independent. This implies, in particular, that the n vector fields A, themselves, are 

i 

linearly independent. Moreover, we have 

A" A/3 = 6g, A" Xa = Sij] A^Afe = 6^, X"^ Xa = Sij, (2.1) 

where (Aq) and (A^) denote the inverse matrices of (A") and (A*^) respectively. 

i % i i 

We refer to the above space, which we denote by (TM, A), as an Extended Ab- 
solute Parellelism (EAP-) geometry which is characterized by the existence of 2n 
linearly independent vector fields defined globally on TM. 

The Latin indices {i,j} will be used for numbering the n vector fields (mesh indices). 
Einstein convention is applied on the mesh indices (which will always be written in 
lower position) as well as the component indices. In the sequel, to simplify notations, 
we will use the symbol A without the subscript i to denote any one of the vector fields 
X {i = 1, ...,n). The index i will appear only when summation is performed. 

i 

Let us define 

9al3 '■= AaA/3, Qab '■= ^a\- (2.2) 

i i i i 

Then, clearly, 

G = gaf3 dx" ® dxf^ + gab Sy" ® 6y^ 

is an /if -metric on TM. Moreover, in view of (12.11) . the inverse of the matrices (ga/B) and 
(gab) are given by {g""^) and {g""^) respectively, where 

g»^=X"X'^, g''^=X''X\ (2.3) 
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U U J 

Now, let D = (r°^, r^j^, C^^, C^J be the natural metric d-connection defined by 
Theorem II. 13[ where gf^i, and gab are the metric tensors given by (12 ■21) . 

Theorem 2.1. There exists a unique d-connection D = (F^,^, F^^^, C^^, C^J such that 

X''l^ = X''llc = X\ = X\ = 0, (2.4) 

where \ and \ \ are the h- and v-covariant derivatives with respect to D. Consequently D 
is a metric d-connection. It is given by 

o o 

:= F" + X^X^y, F^^ := F^^ + X" Xf,y, (2.5) 

^ ^ t t \ III 

o o 

C^c ■= C^c + -^"^m[Jc' ^bc ■= Chc + '^b°c- (2.6) 

Relation ( [^.^| ) wi// &e called the AP-condition (as in the classical AP- geometry). 

Proof. First, it is clear that D is a d-connection on TM. We next prove that A"|i, = 0. 
We have 

A"|, = 5, A" + A^F-, = 5,A"+ A^(f°,+A"A^,v) 
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= (5,A" + F^,A^')-(A'^A^)A"o, = A"^,- A"o, = 0. 
The rest is proved in a similar manner. □ 

Definition 2.2. T/ie d-connection D = (F"^, F^^,, C"^, C^^) defined in Theorem \2.1\ 
will he referred to as the canonical d-connection of the EAP-space. 

In analogy to the classical AP-space, the torsion tensor of the canonical rf-connection 
will be called the torsion tensor of the EAP-space. 

Theorem 2.3. The canonical d-connection D can he expressed explicitely in terms of 
the X 's only in the form: 

r^.= A"(5.A^), Tl= X'^id.Xb); (2.7) 

C^,= X'^idcX,), Q,= A'^(4A,). (2.8) 

Proof. Since X°'\y = 0, it follows that S^X"' = — AT"j,. Multiplying by A^, we get 
XJS„X°') = — F° so that, by (12.11) . F" = X°'{SuXn). The other formulae are derived in 
a similar manner. □ 

By Theorem 12.11 and Theorem 12. 3[ we have 

o 

Corollary 2.4. The natural metric d-connection D can he expressed explicitely in terms 
of the X 's only in the form 

r^. = ^^^(5. A,, - A^o J, tl = A'^(5, A, - X,o ); (2.9) 
C'°,= A"(4A^- A,o^), Cl= X%d,Xb- X^o ). (2.10) 
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Definition 2.5. The contortion tensor of an EAP-space is defined by 
C{X, Y) := DyX - byX; VX, Y G X(TM), 

o 

where D is the cannonical d-connection and D is the natural metric d-connection. 

In the adapted basis (5^, da), the contortion tensor is characterized by the following 
d-tensor fields: 

C{6,, 6,) =: 7^,5«, C(5^, 4) =: r,A; C(4, <^^) =: 76^4, C(4, 4) =: l^A 

o o o o 

a -pa -pa a -pa -pa . a y^a (-ia a /^a (-ta /'O 1 1 ^ 

Throughout the paper we shall use the notation C = (7^j,, 7^^, 7|Jc) itc)- 

By definition of the canonical rf-connection and (12. lip , the contortion tensor can be 
expressed explicitely in terms of the A's only in the form: 

l'tv= ^'^^ii°v, 7fe/.= '^''\>> 7)?c = ^"-^m[1c, lhc=^''\°,c- (2.12) 

^ % i'^ \ ^ iiK ^ % I \\ % % \\ 

Proposition 2.6. Let 7„^^ := go,el%, lahp. ■= Qadt^, la/ic ■= Qael^c^ lahc ■= Qadlt- 

Then each of the above defined d-tensor fields is skew- symmetric in the first pair of 
indices. Consequently, 7°^ = 7^^ = 7^^ = 7^^ = 0. 

Proof. We have 

lafiu + l^lau = Aq A„V + \fi\a°v = {^a^^l)°u = 9au°v = 0- 

i i'^ \ i i \ i i \ '^1 

The rest is proved analogously. □ 
A simple calculation gives 

Proposition 2.7. Let T = (A^,, i?^,, P;„ T») and C = (7^,, 1^, 1%, ll^ be 

the torsion and the contortion tensors of the EAP-space respectively. Then the following 
relations hold: 

o o 

Consequently, 

Ke. = ^^,a=--C„ T,l = jl=:C,. (2.14) 
Remark 2.8. It can be shown, in analogy to the classical AP-space [2], that 

^afiu '^i^-^afj.u ~l~ -^upa ~l~ -^pua)i '^abc '^{Tabc ~l~ -^cfca ~l~ -^6ca)i (2-15) 

where A^^^u ■= Qae^'^u and Tabc ■= 9adT^c- 

By f l2.13p and fl2.15p . A^^, (resp. T^"^) vanishes iff ^'^^^ (resp. 7^^) vanishes. 
Definition 2.9. Lei D = (r°^, F^^, C^^, C^^) be the canonical d-connection. 
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(a) The dual d-connection D — (F" , F? , , C^^) is defined by 



pa pa pa pa . /^a /^a r~ia r~<a 



(2.16) 



(b) T/ie symmertic d-connection D — (F^^, F^^, C^^, C^^) is defined by 

1 „„, . „„ 1 

2 



pa /"pa I pa \ pa pa . /^a /^a r^a ( r^o^ i /^''^ ^ 1 7^ 



VKe s/ifl// denote the horizontal (vertical) covariant derivative of D and D by 

"C'il") and "V'C'W") respectively. 

It follows immediately from the above definition that 

yc = ^"Hc = ^"llc = 0' ^\ - ^\ = = 0; (2.18) 
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\a """Xa . \a \brpa 



As easily checked, we also have 



cb, A».=1a".. (2.19) 



Proposition 2.10. The covariant derivatives of the metric G with respect to the dual 
and symmetric d-connections D and D are given respectively by: 



9al3\tJ, ~ ^apfi + A^a/i, 9al3\\c ~ 9ab\ij, ~ ^' 9ab\\c ~ T},ac\ 

Consequently, D and D are non-metric connections. 
We end this section with the following tables. 

Table 1: Fundamental connections of the EAP-space 



(2.20) 
(2.21) 



Connection 


Coefficients 


Covariant 
derivative 


Torsion 


Metricity 


Natural 


o o o o 




1 II 


o o 


metric 


Canonical 


/pa pa /^a r^a \ 
V- \xv> ^ hv> ^\xc-> ^bc) 




( 7^^ ^ 
V^fivi ^fxvi ^\ici ^ fxci -'-be/ 


metric 


Dual 


/pa pa r^a r^a \ 
V- vix->^hv>^yi,c->^cb) 




\ ■'V^' /:tc' -'-be) 


non-metric 


Symmetric 


/pa pa (~^OL {~^a \ 
V- {ixvy^bV>^ixc->^{bc)) 


T \\ 


(0, -RJii/, C'^ci -P/?c! 0) 


non-metric 



The next table gives a comparison between the classical AP-space and the EAP-space. 
We shall refer to the Riemannian connection in the classical AP-space and the natural 
metric ^-connection in the EAP-space simply as the metric connection. Moreover, we 
consider only the metric and the canonical connections in both spaces. We also set 
LI := \ g-%6,gbc - gdc d^N^ - 9m d^N^). 
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Table 2: Compcirison between classical AP-geometry and EAP-geometry 





Classical AP-geometry 


EAP-geometry 


Underlying space 


M 


TM 


Building blocks 


A"(a;) 


iV^(x, y), A(x, y) = (A°(x, y), X'^{x, y)) 


Metric 


Qiiv = Xv 

i i 


G = {gn„, gab); 

Qixu = X^Xy, gab = XaXb 
i i i i 


Metric 


o 


O o o o 

= ^bu^ ^bc)'-> 


connection 




o 

r^J^ = 5 g^^s^^g^^ + S^gi^e - Segt^u), 
rl = dj,N- + Ll ; C^, = i g-'dcg^e , 
etc = \ 9'"^{db9cd + dcgbd - dagbc) 


Ccinonical 


% % 


^ = (r^i/i <^(!?c> <^fec); 


connection 




r^,= A"(5.A^); rg,= A"(5.A6), 

It It 

C«, = A«(4A^); = A«(4A6) 


AP-condition 


A"i„ = 


1 |C ^5 

A»|^ = A«||, = 


Torsion 


Aa pa pa 

piu piif I/jU 


T-i — ('Aa DO /^a pa J^a\. 
V-lxvi -"V" HO fic^ bcJ' 

A a pa pa . pa £ jya r /ya 

T:>a Pi ATa T^a . n^a /^a /^a 


Contorsion 


o 

_ pa _ pa 


G (t^i^i Tfti/) T/ic' Tftc)' 

o o 

^a _ pa _ pa . a _ pa _ pa 

O 

a /^a r^OL . a ^a /~ia 
— "-^/ic ~ "-^(UCi /be — "-^bc ~ ^bc 


Basic vector 




B = (C^, Ca); 

(7— A" — a/"- r* — T'^ — 'v'' 
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3. Curvature tensors in the EAP-space 

o ^ 

Let (TM, A) be an EAP space. Let D be the cannonical d-connection. Let D, D 
and D be the natural metric d-connection, the dual d-connection and the symmetric d- 
connection respectively. The curvature tensors of the four (i-connections will be denoted 
respectively by R, R, R and R. In this section, we carry out the task of calculating the 
curvature tensors together with their contractions. 

Lemma 3.1. The following commutation formulae hold: 



(a) - 






-Af^A"l;3 




(b) A"|,||,- 


A \\c\u 




- C';fcA"|/3 


Pd \Q!, 

~ ^uC^ \\d 


(c) A"||fc||,- 


A"||c||fe 




- ^bc^ \\d 




(d) \\\, - 




TDa \ b 
- ^bfiiy^ ' 


- A^^.A'^i^ - 




(e) AViic- 


- A"||c|;, 


pa \h 


- C'fcA"|/3 - 


- Pyc^^Wd 


(f) A'^IHIc- 




Ca \d 
— '^dcb'^ 


rnd \ a 





In view of (12. ip . Corollary 11.101 and Theorem 12.11 Lemma [3.11 directly implies that 

Theorem 3.2. The curvature tensor ^ = {R'^p^,, Rt^,, P^,,, P^lc, S^^c of the 

canonical d-connection vanishes identically. 

Corollary 3.3. The following identities hold: 

^l3^l\a = (C/3|/i - Cf^lfs) + CeA^^ + & p ^aR'^pC'^a (3-1) 

Pbc\\d = (Cfe||c - Cc\\b) + CdT^c- (3-2) 
Proof. The Bianchi identities [9J applied to the canonical d-connection D give 

©/3,M,i> (A)^^|^ + + Rl^C'^a) = (3.3) 

and 

e,,,^,iT,l^\, + T:,T,l) = 0, (3.4) 

where the notation 6/3,^,1/ denotes a cyclic permutation on the indices ly and sum- 
mation. (13. ip and (13. 2p are obtained by setting a = u and a = d in (13.30 and (13.41) 
respectively. □ 

By applying the comutation formula (c) of Lemma 13.11 with respect to the dual and 
symmetric ^-connections respectively, taking into account (12. ip and (I2.18p . we obtain 

ca _ ca _ n 

This could be also deduced from Theorem 11.91 (e) and Theorem 13. 2[ noting that 

fic lie flC 
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In Theorems I3.4[ 13.51 and 13.61 below, concerning the curvature tensors of the d- 
connections D, D and D, we will make use of Theorem 13.21 namely that the curvature 
tensors of the canonical rf-connection vanish identically. 

o 

Theorem 3.4. The curvature tensors of the natural metric d-connection D can he 
expressed in the form: 





= (^P,W 




1 P^ileU; 


- i%K, 


l^d^tii 






- + - 


7b/x7(ii/) 


- itM, - 


^bd^v^ii 




= il'fSclv ~ 


-7^H|c) + (7^.%" - 


- 7^c7f.) 


- i%cic - 


" I'^d^vci 


d) Pic 


= ilbc\v ~ 


tu\\c) + iltldc - 


- itrj - 


~ IbJ^lc ~ 


a pd 
ibd vc^ 




= (7^b||c - 


-lM\b) + hklfb- 


-7^fc7fJ- 


" ^^d^cb^ 




J) ^bcd - 


= (7,"c|M- 


lbd\\c) + (Ybdlec - 


llcTed) - 


Ibe^dc- 





Consequently, 

g) hp, := kl^^ = (7|^|, - Cp\,) - C^Yp, + 7^.7^. - Tpd^i,, 

h) n ■= gP^Rp^ = - - C^i^ + 7"^7^„ - T^dRi^, 

i) Pp, := - = (C^ii, - 7|,| J + a7^e + 7|.(Qc - lie) + TpdPL 

j) K ■■= Hud = (Cblu - 7t||J + Cdlt - itellu - itCld - lldPL 

k) Sbc := Si, = (7,^,||, - ailc) - C,^t + itlld. 

1) S ■= g'^Sbc = K^^'^lk - Ca^'^'^d) - C^lld + 7"'c7da, 

where n-^:=rp^ + r,p. ■-= + 

Proof. We prove (a) and (c) only. The other formulae of the first part are proved 
in a similar manner. The second part is obtained directly by applying the suitable 
contractions. 

(a) We have 

o o oooooo 

pa r "pa r "pa i -pe pa pe pa i /^a 7~>" 

= 6,m^ - 7^J - <5.(r^, - 7^,) + (r^. - 7^J(rf, - 7.",) - (r^, - 7^,) 
(r^. - 7fJ + {c^d - 

a Tid 
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(c) We have 



o , o o o o 

^ I3uc — ^c>- I3u I3c°v ^ ^ pd^ uc 



= Ppvc - dcl% + {C%\^ - - 7|J \u} + C'|d7ci. - 7|d7t - Ipd^uc 

= - 47|. + {c^ciZ - czilu - c^dYc.) + hU - ^Icll + 7rc7^. 

= iMu - 0cl% + 7^.C° - ^IC%) + (7^,7." - 7^c7rJ - ihP'c 

= l7/3c|!. - + 17/31. 7ec - 7/3c7evJ - Ipe'-^yc " 7/3<i-^r.c 



□ 



Theorem 3.5. The non-vanishing curvature tensors of the dual d-connection D can be 
expressed in the form: 

(a) R'^^^ = A^j^i^ + Qp^^^^Cp^Rlj^^, 

(b) = Rfi^j.T^fj, 

(^) 'S'bcd = ^dc||6- 

(f) R/s^ := = - C^\f3 + SfS^^^aCp^Rauy 

(g) n := /^^^^ = - C^\„ 

(h) P^c := --P^^ac = Cl3\\c + ^%C^c^ 

(i) Pbfi '■= Pp^a = C";,!^ + T^^jP^a, 

(j) 5'm := S^^^ = - Cd\\b, 
(k) S:=g''''SM = -C\d- 

Proof, (b) is a consequence of the commutation formula (d) of Lemma 13.11 apphed to 
the dual (i- connect ion, taking into account (12. ip . (12.181) and (12.191) . (b) could be also 
obtained from Theorem ll. 91 (b) and Theorem 13. 2[ noting that T^^ = F^^ and C^^ = T^^ + 

C^^. We next prove (a) and (c) of the first part. The second part follows immediately 
by applying the suitable contractions. 
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(a) We have 



pa r -pa r pa i pe pa pe pa i /^a r>a 



WIp + r;.^(A^, + r^j} - {5,re^ + vi^^ki^ + r^^)} + 
{^13^^% + r^/jA^^ - r^^A"^ - r^^Ajjj + Gp^^^^Cp^R''^^ 



(c) We have 



pa o pa /^a , ^a pd a pa /^a , pd 



= -P/?/ic + i^cA'^p + A^^C^" — A|^^C^^) 

= A^^ll^ + A"^C^^ □ 

Theorem 3.6. The non-vanishing curvature tensors of the symmetic d-connection D 
can be expressed in the form 

A-^l J + i (A^,A^, - A^^A^J + 1 (A^^A^J, 



(a) i?^.^ 


- 2 (A^i^Im ■ 


(b) Rl, 


1 pa 

2 bv^ii 




1 pa 

2 


(d) n'^.e ^ 


_ 1 pa 
2 fe/iC 


(^) ^bcd = 


~ 2 (-^6c||d ~ 



Consequently, 

(f) i?/3,^ := = \ Rpy - 1 (Cq,A"^ + A"^A^^), 

(g) ^:=/^i?^. = i^-iA-'3,A^^, 

(h) Ppc ■■= -P^ac = \ Ppc, 

(i) Pbii. '■= Pp^a — \ Pb/J.^ 

(j) Sbd ■= S^^^ = ^ Sbd — I (CaT^f, + T^^T^Ij)^ 
(k) S:=g'"'SM = lS-lT^\T^,. 

Proof. Similar to the proof of Theorems 13.41 and I3.5[ □ 
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4. Wanas tensors (W-tensors) 

The Wanas tensor, or simply the VF-tensor, in the classical AP-geometry, is a tensor 
which measures the non-commutativity of covariant differentiations of the parallelization 
vector fields A with respect to the dual connection: 

i 

:= A«(A"tt - A"tt ) (4.1) 

This tensor explicitely contains the curvature and torsion tensors. The VF-tensor was 
first defined by M. Wanas [12] and has been used by F. Mikhail and M. Wanas [5] to 
construct a geometric theory unifying gravity and electromagnetism (GFT: generalized 
field theory). The scalar Lagrangian function of the GFT is obtained by double contrac- 
tions of the tensor W°'^y^. The symmetric part of the field equation obtained contains 
a second-order tensor representing the material distribution. This tensor is a pure geo- 
metric, not a phenomological, object. The skew part of the field equation gives rise to 
Maxwell-like equations. The use of the VF-tensor has thus aided to construct a geomet- 
ric theory via one single geometric entity, which Einstein was seeking for |T]. Various 
significant applications (e.g [12], [13], [I5|) have supported such a theory. Recently, the 
authors of this paper investigated the most important properties of this tensor in the 
context of classical AP-geometry [17]. The VF-tensor was also studied by the present 
authors in the context of generalized Lagrange spaces fl6j. 

It should be noted that the VF-tensor can be defined only in the context of AP- 
geometry and its generalized versions (cf. e.g [TB], [IT]), since it is defined only in terms 
of the vector fields A's. 

Due to its importance in physical applications, we are going to investigate the prop- 
erties of the VF-tensor in the present section. The VF-tensor (14. ip can be generalized in 
the context of the EAP-geometry as follows. 

Definition 4.1. Let{TM, A) be an EAP-space. For a given d- connection D = (F^j,, F^^, 
C^^, C^J, the W -tensor is given by 

w = iw^,,, wi^, w^,,, wi,, W^,,, W,^J, 

(a) the hhh-tensor W^^^^ is defined by the formula 

(b) the hhv-tensor is defined by the formula 

(c) the vhh-tensor W^^^^ is defined by the formula 

(d) the vhv-tensor W^^^^ is defined by the formula 
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(e) the vvh-tensor W^^^^ is defined by the formula 

A"||b||c - A"||c||6 = A'W;'^^, 

(f) the vvv-tensor W^^^ is defined by the formula 



where " |" and "\\" are the h- and v-covariant derivatives with respect to the given 
d-connection D. 

Theorem 12. 11 together with (12. II) . directly imphes that the 14^-tensors of the canonical 
d-connection vanish identically. 



In view of Theorem 13. 4[ we obtain 

o 

Theorem 4.2. The W-tensors corresponding to the natural metric d-connection D are 
given by: 

a) W^^.^ = (7|h. - ^M,) + - ^P.^eu) - 1%K,. 

b) Wl, = (7,;,. - iLi,) + ilLrd, - it.lV - IbeK,, 

c) = - 7|.||c) + (7^.7fc - 7^e7f.) + hir^d - llcl%). 

d) Wl, = (7,",|, - 7,^||e) + iltldc - itldu) + iliru - llcll). 

f) ^hcd = ^bdc- 

Proof. We prove (c) only. The other formulae are derived in a similar manner. By 
definition, we have 

o o o ° d 

Consequently, by (El]), fl232D and fl2l3D . we obtain 

Since A'^r = A" rr = A'^t = A° „ = 0, it follows, by definition, that 

\^l j|c Im ||c ' ' ' 

wi, = w-,, = wi^ = = 0. 

Proceeding as in Theorem \4.'2\ taking into account Theorem 13.51 and Theorem 13.61 we 
have the following 
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Theorem 4.3. The non-vanishing W-tensors corresponding to the dual d-connection D 
are given by: 

(a) W^,^ = A-^i^ + Al^A% + &.,,,pC^,K,, 

(b) W?^-,, = A^^ii,, 

(c) W,l, = T,l^^, 

(d) W,-,, = TI^^, + TIT,^,. 

Theorem 4.4. The non-vanishing W-tensors corresponding to the symmetric d- 
connection D are given by: 



(a) W^^^ = 




(b) = 


- Wa 


(c) W,l, = 


- 

2 hue ' 


(d) W,^., = 


qa 



It is clear by the above theorem that the W^-tensors corresponding to the symmetric 
d-connection give no new d-tensor fields. 

Remark 4.5. The VF-tensors corresponding to a given d-connection can be also defined 
covariantly in the form 

with similar expressions for the other counterparts. These expressions give the same 
formulae (up to a sign) for the W-tensors obtained in Theorems 14.21 14.31 and 14.41 

Proposition 4.6. The following identities hold: 

(b) &p,^,,y Wp^^ = 26/3,^,1. R'J.pCua 

Proof. By Theorem 14. 2^ we have 

where in the last step we have used (13. 3p . The proof of the other part of (a) is achieved 
by applying the first Bianchi identity to the symmetric d-connection taking into account 
Theorem 14.41 (a) together with the fact that C^^ = C"^. The proof of (b) is carried out 
in a similar manner, again by using (13. 3p . taking into consideration Theorem l4.3l (a). □ 
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Summing up, the EAP-space has three distinct ly-tensors (corresponding to the nat- 
ural metric, dual and symmetric (i-connections), each with six counterparts. Eight only 
out of the eighteen are independent, four coincide with the corresponding curvature 
tensors and four vanish identically. 

5. Cartan-type case 

A drawback in the construction of the EAP-space is the fact that the nonlinear 
connection is assumed to exist a priori, independently of the vector fields A's defining the 
parallelization. It would be more natural and less arbitrary if the nonlinear connection 
were expressed in terms of these vector fields. In this case, all geometric objects of the 
EAP-space will be defined solely in terms of the building blocks of the space. Below, we 
impose an extra condition on the canonical d-connection, namely, being of Cartan type. 
The outcome of such a condition is the accomplishment of our requirment, besides many 
other interesting results. 

We first recall the definition of a Cartan type rf-connection |7], [B]. 

Definition 5.1. A d-connection D = (F^^,, F^J^, C^^, C^J on TM is said to be o/Cartan 
type zf 

D\C = 0; D''xC = vX; VX G X(TM), 
where C = y°'da is the Loiuville vector field. 

Locally, the above conditions are expressed in the form 

?/V = 0, 2/'^||e = 5:, (5.1) 

or, equivalently, 

n; = y'Tl. y'Cl = 0. (5.2) 

Proposition 5.2. // a d-connection D is of Cartan type, then the following identities 
involving the torsions and curvatures hold: 

^fiiy — y ^bi^ti^ ^^ic — y ^biic-i ''-be — y '-'deb- W-'-'J 

Proof. Follows by applying the commutation formulae (d), (e) and (f) of Lemma [3.11 
to the vector field y"". □ 

Theorem 5.3. Let {TM, A) be an EAP-space. Assume that the canonical d-connection 
D is of Cartan type. Then we have: 

(a) The expression y^{X°'duXb) represents the coefficients of a nonlinear connection which 

coincides with the given nonlinear connection N^^: N'^ = ?/''(A"5^ Af,)o 

(b) = p;, = T,-^ = 0. 

Consequently, C^^ is symmetric, 7^^ = and C^^ = C^^ = C^^ = C^^. 

similar expression is found in "ArXiv: 0801.1132 [gr-qc]", but in a completely different situation. 
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(d) Xa are positively homogeneous of degree in y. Consequently, so are gab- 

(e) d^jN^^ = and is homogeneous. 

Consequently, F^^ is positively homogeneous of degree in y. 

(f) 76"m = 0. Consegnen% T^^ = T^. 

(g) = 0. 

Proof. We have 

(a) = y\ \) = y' X'^id, - iV^ 4) A, = y\ X^d, A,) - iV^ y'-C,", = y\ X^d, X,) . 

(b) is obtained from Proposition 15.21 taking into account Theorem 13.21 The vanishing 

of is readily obtained by Remark [2^ and T^" = 0. 

(c) is a direct consequence of (b). 

(d) By the symmetry of Q^, we have = y^C^^ = y^C^f, = X''{y^dbX^) so that, by fl^TT]) . 

i i 

y^d}jXc = 0. The result follows from Euler's Theorem. 

(e) follows from the fact that P;^^ = dbN^^ - = so that y^'dbNIl = y^V^^ = N^. 

This could be also deduced from the expression obtained for A*"^ in (a), taking into 
account that A^ (hence A**) are positively homogeneous of degree in y. 

(f) By (e), we have T^^ = dbN^. Consequently, by definition of the natural metric d- 

connection (Theorem [HS]), i g'^'iS^gbc- Qdc d.N^-gbd d.N^) = ft^-T^^ = - lb^.■ 
Multiplying by gae, we get ^ {6^gbe - gde dbN'^ - Qbd deN^) = -jebfi- This implies 
that 7e6^ is symmetric in the indices e, b. By Proposition 12. 6[ 7e6^ is also skew- 
symmetric in the indices e, b. Consequently, 'jebfj. vanishes so that 7^^ = 5'"^7e6^ = 0. 

o 

(g) is a direct consequence of the relation P^j, = P^^ + 7^^, taking into account that 

P^lb = = 0. □ 

^ ^ o 

Corollary 5.4. // the canonical d-connection is of Cartan type, then D, D and D are 
also of Cartan type. 

In what follows, we assume that the canonical (i-connection is of Cartan type. The 
next two results are immediate consequences of the fact that 

rya rya rpa a a r\ 

^fiiy — ^fic — -'-be — Ibc — Ibn ~ 

taking into consideration Proposition 14.61 and Theorems 13.41 13.51 13.61 14.21 14.31 and 14.41 
Proposition 5.5. The following relations hold: 

(^) ^bfiu = Pbfic = ^bcd = 0) 
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(b) i?^,. = K,\p^ 



f„\ pa pa pa pa qa qa ri 

V^/ ^bixi^ — ^hixv — ^hixc — ^bij,c — '-'bed — '-'bed " 

(d) ^l^u, = R'^p,., 

(e) = W^?,c = W^bed = W^b% = %^e = W?b"ed = ^cd = 0, 

(f) = ep,,,u w^., = ep,,,. w^,, = 0. 

Consequently, W'^^^^, W^^^^ and W^^^^ satisfy the first Bianchi identity of the Riemannian 
curvature tensor. 

Theorem 5.6. The independent non-vanishing W-tensors are given by: 

(b) W^,^ = A^^i^ + K,^e, 
(C) = KpWo 

To sum up, the assumption that the canonical d-connection being of Cartan type 
imphes that all the geometric objects defined in the EAP-space are expressed in terms 
of the vector fields A's only. The curvature of the nonlinear connection vanishes and the 
three other defined d-connections of the EAP-space, namely the dual, symmetric and the 
natural metric d- connect ions, are also of Cartan type. Moreover, there are only seven 
non-vanishing curvature tensors and only three independent non-vanishing VF-tensors, 
some of which have simpler expressions than that obtained in the general case. The 
EAP-space becomes richer as new relations among its various geometric objects - which 
are not valid in the general case - emerge. Accordingly, the EAP-space in this case 
becomes more tangible, thus more suitable for physical applications. 

We end this section with the following table. 



Table 3: EAP-geometry under the C£trtan type case 



Connection 


Coefficients 


Torsion 


Curvature 


Canonical 




(A«,, 0, 0, 0) 


(0, 0, 0, 0, 0, 0) 


Dual 


(r«^, d,N-, c«„ CD 


(-A«,, 0, C«„ 0, 0) 


{Rt,u, 0, P|^,, 0, 0, 0) 


Symmetric 


i^luy C'^c, CD 


(0, 0, 0, 0) 


{R0,.^ 0, 0' 0' 0) 


Natural 


(r^,, d,N-, c% CD 


(0, 0, 0, 0) 


o o o 
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6. Berwald-type case 

In this section we assume that the canonical d-connection D is of Berwald type 
[S], [in]. The consequences of this assumption are investigated. 

Definition 6.1. A d-connecUon D = {T'^^, T^^, C^^, on TM is said to he of 
Berwald type if 

4iv; = r^^; c;, = 0. (e.i) 

Proposition 6.2. // the canonical d-connection D is of Cartan type such that C^^ = 0, 
then it is of Berwald type. 

Proof Follows from the fact that = P^^ = dbN^ - V^^. □ 

Theorem 6.3. Let {TM, A) be an EAP-space. Assume that the canonical d-connection 
D is of Berwald type. Then we have: 

(a) p;, = 

(b) are functions of the positional argument x only. Consequently, so are g^j^y. 

o 

(c) = 0. Consequently, 7^^ = 0. 

o 

(d) The coefficients V^^ and V^^ are functions of the positional argument x only and 
are given respectively by 

T%{x) = (ra, A^)(x), f^,(x) = ^g'^'id.g,. + d,g,, - d^g.^Kx). 

(e) and 7^^ are functions of the positional argument x only. 

(f) It, = h, = 0. Consequently, = T^. 

Proof. The proof is straightforward except for the relation 7^^ = 0, which can be proved 
in exactly the same manner as (f) of Theorem 15. 3[ □ 

Corollary 6.4. // the canonical d-connection D is of Berwald type, then D, D and D 
are also of Berwald type. 

In what follows, we assume that the canonical rf-connection is of Berwald type. The 
next two results are immediate consequences of the fact that 

p« = (7° = = o-f = 

taking into account Theorems 13.41 13.51 13.61 14.21 14.31 and 14.41 

Proposition 6.5. The following relations hold: 

(a) Rb^u = IbdRfiu^ P I3uc — ^f3cd — 0; 

(U\ TDa _ \a pa _ pa _ n pa _ Jj7a 
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(c) Wl^ = W-p.c = W^^, = = 0. 

Theorem 6.6. The independent non-vanishing W -tensors are given by: 

(a) H/^,^ = (7|^|, - 7|hm) + (^^^^"m - ^h.^^u) - 1%K,. 

(b) Wtc = tc\.^ 

(c) WI,^ = kZ,\^ + K^k%, 

(d) W,-^ = TI^\, + TIT-^. 

To sum up, the assumption that the canonical d-connection being of Berwald type 
implies that most of the purely horizontal geometric objects of the EAP-space become 
functions of the positional argument x only and coincide with the corresponding geomet- 
ric objects of the classical AP-space. Moreover, the three other defined (i- connect ions 
turn out also to be of Berwald type. Finally, in this case, there are twelve non-vanishing 
curvature tensors and four independent VF-tensors. 

We end this section with the following table (compare with Table 3). 



Table 4: EAP-geometry under the Berwald type case 



Connection 


Coefficients 


Torsion 


Curvature 


Canonical 


(r^,, 4iv.^ 0, c,",) 


(A^^, i?^^, 0, 0, T^^) 


(0, 0, 0, 0, 0, 0) 


Dual 


(r^^, 4iv-, 0, c-j 


(-A^,., R^vi 0, 0, -T§^) 




Symmetric 


(rf^.), d,K. 0, 


(0, Rl,, 0, 0, 0) 


(Rpfj.u^ ^bfiV 0' -^/3^c' ^bcd) 


Natural 


(r^,, dbK, 0, ct) 


(0, Rl,, 0, 0, 0) 


o o o o 



7. Recovering the classical AP-space 

We now assume that the canonical rf-connection D is both Cartan and Berwald 
type. In view of Proposition 16.21 this condition is equivalent to the (apparently weaker) 
condition that D is of Cartan type and C^^ = 0. We show that in this case the classical 
AP-space emerges, in a natural way, as a special case from the EAP-space. We refer to 
this condition as the CB-condition. 

CB-condition: iV^ = y'T^^, y'C^^ = 0; C^^ = 0. 
As easily checked, we have 
Theorem 7.1. Assume that the CB-condition holds. Then 
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(1) The four defined d- connections of the EAP-space coincide up to the hh- coefficients. 

Moreover, these hh- coefficients are functions of the positional argument x only and 
are identical to the coefficients of the corresponding four defined connections in the 
classical AP-space. 

(2) The torsion of the canonical d-connection and the contortion of the EAP-space are 
functions of the positional argument x only and are given by 



(A" , 0, 0, 0, 0); 



(7^., 0, 0, 0) 



(3) The three non-vanishing curvature tensors are functions of the positional 

argument x only and are given by 

(a) = (7|^|, - 7^Hm) + (7^^7f^ - r^,!?.) + 

(b) R'^p^.u = K,i\i3^ 

(4) There is only one W -tensor which is a function of the positional argument x only 

and is given by 

All other W-tensors vanish identically, or coincide with the corresponding curvature 
tensors. 

Consequently, the fundamental geometric objects of the EAP-space coincide with the 
corresponding fundamental geometric objects of the classical AP-space |TW. 



Corollary 7.2. // the canonical d-connection D satisfies the CB- condition, then D, D 

o 

and D also satisfy the CB-condition. 

We end this section with the following two tables which summarize the geometry of 
the EAP-space under the CB-condition. 



Table 5: Fundamental connections of EAP-space 
under the CB-condition 



Connection 


Coefficients 


hh-CoefRcients 


Canonical 


(r^,, d,N-, 0, csj 


r2,(a;) = (A"9,A^)(a:) 


Dual 


(r^,, dbN-, 0, CD 




Symmetric 


(f^,, dtN-, 0, CD 




Natural 


(r^„ d,N-, 0, CD 


o 

r^It.(a;) = 1 g'^'id^g^^ + d^g^^ - d^g^,i,){x) 
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Table 6: EAP-geometry under the CB-condition 



Connection 


Coefficients 


Torsion 


Curvature 


Canonical 


(r^,, d,N-, 0, CD 


(A^,, 0, 0, 0, 0) 


(0, 0, 0, 0, 0, 0) 


Dual 


(r^^, d,N-, 0, CD 


(-A^,, 0, 0, 0, 0) 


(i?^^,, 0, 0, 0, 0, 0) 


Symmetric 


i^t.^v 0, CD 


(0, 0, 0, 0, 0) 


(i?^^,, 0, 0, 0, 0, 0) 


Natural 


{T%, d,K, 0, CD 


(0, 0, 0, 0, 0) 


(^^^,, 0, 0, 0, 0, 0) 



Some comments on the CB-condition: 

(a) It should be noted that the non- vanishing of the purely vertical tensors A°, CD and 

Qah and the /it'-coefficients F^^ of the canonical rf-connection may represent extra 
degrees of freedom which do not exist in the classical AP-context. Moreover, these 
vertical geometric objects still depend on the directional argument y. However, 
they actually do not contribute to the EAP-geometry under the CB-condition. 
This is because the torsion and the contortion tensors in this case have only one 
non-vanishing counterpart each, namely the purely horizontal components A^^ and 
7^^, respectively 

(b) One reading of Theorem 17.11 is roughly that the "projection" of the geometric ob- 

jects of the EAP-space on the base manifold M can be identified with the classical 
AP-geometry. The distinction which appears between the two geometries is due 
to the fact that the geometric objects of the EAP-space live in the double tangent 
bundle TTM TM and not in the tangent bundle TM M. Consequently, it 
can be said, roughly speaking, that the classical AP-space is a copy of the EAP- 
space equipped with the CB-condition, viewed from the perspective of the 
base manifold M. 

8. Concluding remarks 

In the present article, we have constructed and developed a parallelizable structure 
analogous to the AP-geometry on the tangent bundle TM of M. Four linear connections, 
depending on one a priori given nonlinear connection, are used to explore the proper- 
ties of this geometry. Different curvature tensors charaterizing this structure, together 
with their contractions, are computed. The different VF-tensors are also derived. Extra 
conditions are imposed on the canonical (i-connection, the consequences of which are 
investigated. Finally, a special form of the canonical ci-connection is introduced under 
which the EAP-geometry reduces to the classical AP-geometry. 

On the present work, we have the following comments: 
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Existing theories of gravity suffer from some problems connected to recent observed 
astrophysical phenomena, especially those admitting anisotropic behavior of the 
system concerned (e.g. the flatness of the rotation curves of spiral galaxies). So, 
theories in which the gravitational potential depends on both position and direction 
may be needed. Such theories are to be constructed in spaces admitting this 
dependence; a potential candidate is the EAP-space. This is one of the aims 
motivating the present work. 

One possible physical application of the EAP-geometry would be the construction of 
a generalized field theory on the tangent bundle TM of M. This could be achieved 
by a double contraction of the purely horizontal ly-tensor W"'^ and the purely 
vertical VT-tensor W""^ cd to obtain respectively the "horizontal" scalar Lagrangian 
H := \X\H := \X\g°'^Haf3, where |A| := det{Xa) and 

Hal3 ■= Ka-Kp ~ CaCjS 

and the "vertical" scalar Lagrangian V := ||A||y := | |A| l^f'^^'Kb, where ||A|| : = 
det{\a) and 

The field equations are obtained by the use of the Euler-Lagrange equations 
dn d , dH . d , m 



dV d , dV . d , dV . 



■ 0, (horizontal form) 
0. (vertical form) 



dXb dx" dXb^e dy^ dXh-e 
The resulting field equations could be compared with those derived by M. Wanas 
[12] and R. Miron [6]. 



Among the advantages of the classical AP-geometry are the ease in calculations 
and the diverse and its thorough applications [H]. For these reasons, we have 
kept, in this work, as close as possible to the classical AP-case. However, the extra 
degrees of freedom in our EAP-geometry have created an abundance of geometric 
objects which have no counterpart in the classical AP-geometry. Since the physical 
meaning of most of the geometric objects of the classical AP-structure is clear, we 
hope to attribute physical meaning to the new geometric objects appearing in the 
present work. The physical interpretation of the geometric objects existing in the 
EAP-space and not in the AP-geometry may need deeper investigation. The study 
of the Cartan type case, due to its simplicity, may be our first step in tackling the 
general case. 

In conclusion, we hope that physicits working in AP-geometry would divert their 
attention to the study of EAP-geometry and its consequences, due to its wealth, 
relative simplicity and its close resemblance (at least in form) to the classical 
AP-geometry. We believe that the extra degrees of freedom offered by the EAP- 
geometry may give us more insight into the infrastructure of physical phenomena 
studied in the context of classical AP-geometry and thus help us better understand 
the theory of general relativity and its connection to other physical theories. 
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